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2DEG within one mesos opi system of the size of a quantum
dot. We investigate the e e ts of the nite size of the system
on the LB's in the absen e of any impurity s attering of the
ele trons. The system sizepis hosen to be of the order of several magneti lengths l = h =(eB ). The LB's in the enter
of the system do then approa h at Landau levels indi ating
that an ele tron in the enter does not feel the boundary. We
are thus able to observe e e ts aused by the nite size of the
system and the bulk hara ter of some of the ele tron states
together with the ne interplay of these two e e ts hara teristi to mesos opi systems. To a omplish these goals the
mutual Coulomb intera tions of the exa tly two-dimensional
ele trons in several Lb's are in luded in the Hartree-Fo k approximation at nite temperature. The e e ts of the ex hange
intera tion on the s reening of a simple Coulomb impurity by
the 2DEG have been dis ussed elsewhere [8℄

We investigate the spin splitting of the Landau bands
(LB's) in a on ned two-dimensional ele tron gas (2DEG)
using the Hartree-Fo k approximation (HFA) for the mutual
Coulomb intera tion of the ele trons. The ex hange term of
the intera tion auses a large splitting of the spin levels of a
LB whenever the hemi al potential lies between them. These
os illations of the splitting with the lling fa tor of the LB's
are onveniently interpreted
as an os illating enhan ement of
the e e tive g-fa tor, g. The redu tion of g when a LB is
be oming ompletely lled is a ompanied by a spontaneous
formation of a stati spin-density wave state whose details
depend on the system size and temperature.
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I. INTRODUCTION

II. MODEL

The enhan ement of the e e tive g-fa tor, g, of a 2DEG in
the quantum Hall regime has been studied experimentally and
theoreti ally by several resear hers [1℄. Ando and Uemura [2℄
presented a model of an unbounded 2DEG where the broadening of the Landau levels due to impurity s attering is treated
in the self- onsistent Born approximation (SCBA). The diele tri fun tion is al ulated with the in lusion of the lowest
order ex hange energy of the s reened Coulomb intera tion in
the self-energy of the ele trons. For a strong magneti eld
the overlapping of Landau levels with di erent indi es is negle ted. In addition to the enhan ement of g the ex hange
intera tion an lead to the spontaneous formation of spindensity [3℄ or harge-density waves [4,5℄ in two-dimensional
ele tron systems.
The instability of the spin-density wave in wide paraboli
quantum wells has been studied by Brey and Halperin using
a modi ed HFA with a point- onta t ex hange intera tion.
They nd a divergen e of the ele tri sus eptibility in the
presen e of a magneti eld of intermediate strength parallel
to the quantum well and an in nitesimal tious magneti
eld perpendi ular to the quantum well [6℄. This spin-density
wave state has a waveve tor along the quantum well parallel
to the intermediate magneti eld and o urs only when the
quantum well is wide enough and the ex hange intera tion
has a strength larger than a riti al value. Kempa et. al. have
investigated the spontaneous polarization of an array of quantum dots into a ferroele tri or antiferroele tri state [7℄.
Here we shall study the spin splitting of LB's, the os illations of g, and the formation of spin-density wave state in a
stri tly two dimensional mesos opi 2DEG system in a perpendi ular magneti eld of intermediate strength. We thus
observe a spontaneous spatial dependent polarization of the

We onsider Ns stri tly two-dimensional ele trons to model
qualitatively a real heterostru ture where the 2DEG is onned to the lowest ele tri al subband. The 2DEG is on ned
to a disk of radius R in the 2D-plane by a potential step
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where r = 22 A. To ensure harge neutrality of the system
a positive ba kground harge nb resides on the disk
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with the average ele tron density of the system given by
n s = Ns =(R2 ). In the Hartree-Fo k approximation the state
of ea h ele tron is des ribed by a single-ele tron S hrodinger
equation
fHZ0 + VH (r) + V onf (r)g (~r)
d2 r0 (~r; ~r 0 ) (~r 0 ) =  (~r)
(3)
nb (r) = n s
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for an ele tron moving in a Hartree potential
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 peaks whenever  assumes values in the neighborhood
grms
of odd integers, then  lies between two spin LB's with the
same n. The unequal number of spin up and down states
then leads to di erent ex hange energies for the two di erent
spin dire tions [2℄. The enhan ement of the g-fa tor is well
known from Shubnikov-de Haas experiments and the on urrent splitting of all the Landau levels has been established in
opti al measurements [13℄.
We have dis overed quite an interesting phenomenon whenever Ns is in reased su h that  is hanging from an odd integer to an even integer value, that is when the spin splitting
of the LB's is losing down. This situation is displayed in
Fig. 3 for the lowest LB. This apparent twisting of the LB's
is repeated for a narrower range of  or Ns for  in higher
LB's. Fig. 4 showing the total density ns (r) and the ele tron density for ea h spin dire tion separately on rms that
a
forms spontaneously in the
system on urrently with the twisting of the LB's.
An important di eren e of the present spin-density wave
state in the 2D plane to the one parallel to B~ investigated
by Brey and Halperin [6℄ is the fa t that the wavelength of
the present modulation varies strongly with  . This is aused
by the strong dependen e of the e e tive intera tion, or the
s reening, in the 2D plane
on  [10,14{16℄. One might expe t
the enhan ement of g and the spin-density wave state to
interfer with the formation of in ompressible regions of the
2DEG seen in the model of M Euen et. al. [16℄.
To ex lude numeri al de ien ies we have tested the stability of the spin-density stru tures by in reasing the number
of basis states in luded in the numeri al al ulation. The exa t shape and formation of the spin-density waves state does
depend on the size of the system emphasising that we are observing a on ned spin-density wave state here [8℄. In larger
systems the spin-density wave o urs spontaneously together
with a harge-density wave that dominates for stronger magneti elds. Brey and Halperin an inhibit the formation of
a harge-density wave state in their model by keeping the exhange intera tion not too strong [6℄. Cal ulations at a mu h
higher temperature (T = 100 K) show no sign of any spin
splitting sin e the thermal energy is then mu h larger than
the Zeeman energy and of the same order as the separation of
the LB's, h ! . The spin-density wave is better developed
and exists for a larger region of  for 10 K than 1 K. At
the higher temperature the o upation of the di erent spin
orientations is almost the same, su h that small perturbations to the Landau levels an have large e e ts in the selfonsistent evaluation of the LB's. The ex hange intera tion
redu es the Coulomb repulsion between ele trons of opposite
spin orientation, and thus favors the spontaneous formation
of a spin-density wave. The redu ed dimensionality of the
ele tron gas strengthens the ele tron-ele tron intera tion and
gives the spatial ordering of the spins an extra weight in the
ompetition with the e e ts of the magneti eld that tend
to order the spins all in the same dire tion. At mu h higher
temperatures thermal ex itations make states in neighboring
LB's a essible for rearrangement of the 2DEG to neutralize
any for es that might otherwise lead to splitting of LB's or
spatial variations of the the spin or harge densities.

where f ( ) is the Fermi distribution at the nite temperature T . ns (r) is the ele tron density
X
j (~r)j2 f ( );
(6)
ns (r) =
with the hemi al potential . The label represents the
radial quantum number nr , the angular quantum
number M ,
and the spin quantum number s =  12 . H 0 is the single
parti le Hamiltonian for one ele tron with spin in a onstant
perpendi ular external magneti eld [9,10℄. A Landau band
index n an be onstru ted from the quantum numbers nr0
and M as n = (jM j M )=2 +1 nr . The
Landau levels of H
with energy En;M;s = h ! (n+ 2 )+sg(B =h )B are2 degenerate
with respe t to M with the degenera y n0 = (2l ) 1 per spin
orientation. B is the Bohr magneton (eh =2m ). The lling
fa tor of the Landau levels is de ned by  = n s =n0 = 2l2 n s .
It assumes even integer values when an even number of spin
Landau levels is lled. The y lotron frequen y is given by
! = eB=(m ). The Hartree-Fo k energy spe trum  and the
orresponding wave fun tions are now found by solving (3)-(6)
iteratively in the basis [10{12℄ of H 0 . The hemi al potential
 is re al ulated in ea h iteration in order to preserve the total
number of ele trons Ns . The number of basis fun tions used
in the diagonalization is hosen su h that a further in rease
of the subset results in an un hanged density ns (r).
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III. RESULTS

The al ulations are arried out with GaAs parameters:

m = 0:067me ,  = 12:4, and g  = 0:44. The o upation of
the LB's is varied by hanging Ns at a onstant strength of
the magneti eld B = 3:0 T. Sin e the radius of the system
R  1000 
A is mu h larger than the magneti length l  148 A
and the e e tive Bohr radius2 a0  97:9 A we an use the
average lling fa tor  = 2l n s to des ribe the o upation

of the lower bands in the interior of the system. The y lotron
energy h!  5:2 meV, so a suÆ ient height of the on ning
potential is U0 = 80 meV in order to in lude several LB's
in the al ulation. For B = 3:0 T the bare spin splitting of
the LB's (gB =h )B  0:076 meV is mu h smaller than their
separation h ! and orresponds to the thermal energy kB T
at T  0:9 K.
Fig. 1 shows the energy spe tra of the ele trons for 4 different values of Ns at T = 10 K. For Ns = 48 the hemi al
potential  is lo ated between the two lowest almost spin degenerate LB's. When Ns in reases states of the LB with quantum numbers (n = 1, s = +1=2) be ome o upied and drop
below  until around Ns = 62 all the bulk states of that LB
are o upied and are well separated from the empty LB with
the same Landau level index n but opposite spin s = 1=2.
Further in rease in Ns brings the bulk states of this se ond
LB all below  drasti ally redu
ing the spin splitting. The
 for the lowest three LB's is
root mean square g-fa tor, grms
seen in Fig. 2, where the splitting of the LB's has
been interpreted as the normal Zeeman
spin
splitting
(
g  B =h )B with

an e e tive g-fa tor. grms
learly takes on the bare value of
0:44 for even integer lling fa tor  , when an equal number
of spin up and down states are o upied. On the other hand
2

spin-density wave state

IV. SUMMARY
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In a mesos opi system of a on ned 2DEG we have been
able to demonstrate both bulk e e ts and phenomena aused
by the nite size of the system, in the absen e of any impurity s attering of the ele trons. The 2D system is large
enough so that the LB's approa h at Landau levels for low
values of the angular quantum number M . This an be interpreted as the formation of 2D bulk states inside the system.
The ensuing singular density of states together with the exhange intera tion auses the well known os illations of the
energy separation of the LB's with the same Landau level
index n but opposite spin orientations as a fun tion of the
lling fa tor  . Here we have seen that the enhan ement of
g  o urs not only in the LB where  is lo ated but in all the
LB's in luded in the model. Similar behavior has been established in opti al measurements of a 2DEG by Kukushkin
[13℄. In a large system of 2D ele trons the state of homogeneous density be omes instable and a harge-density wave
forms spontaneously [4,5,17℄. In a small system the formation of su h a wave is energeti ally unfavorable, but be omes
possible with an in reasing system size. Here we observe the
spontaneous formation of on entri ir ular regions of different spin phases whenever the spin splitting of the LB's is
losing down with an in reasing  at a low temperature. The
shape of this spin-density wave depends on the size of the system, the temperature, and the lling fa tor  , su h that the
wavelength de reases as  approa hes an even integer. With
an in reasing size of the system the spin-density wave a quires
properties of a harge-density wave. In the extreme quantum
limit (when  ! 0) no su h phase separation is observed in
the Hartree-Fo k approximation and only one spin state is
o upied.
Whether this formation of a spin-density wave state in the
HFA for nite systems is physi al has to be investigated in
higher order approximations. As the Hartree-Fo k approximation does not des ribe the broadening of nearly degenerate
Landau levels due to the Coulomb intera tion orre tly, it an
be expe ted that this approximation overemphasizes the importan e of the ex hange intera tion between the ele trons, so
one might spe ulate whether approximations of higher order
would de rease the enhan ement of the spin splitting or alter
the o uran e of the spin-density wave state.
In order to limit the approximations needed for the
ele tron-ele tron intera tion we have hosen the system to
be stri tly two-dimensional, this ertainly pre ludes quantitative omparison with experimental results and the qualitative validity of the model in the limit of a 2DEG with a nite
thi kness has to be established. Models of 2DEG in quantum
dots of nite thi kness seem to indi ate the qualitative appli ability of su h al ulations as far as the ele tri subbands
are well seperated [18℄.
The present results give an indi ation what to expe t in
opti al measurements of the properties of a 2DEG in lightly
doped quantum wells and heterostru tures, but al ulations
of the y lotron resonan e or the plasmoni stru ture of the
model are ne essary in order to ompare with experimental
data.
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FIG. 1. Energy spe tra and hemi al potential  (horizontal dashed line). The total number of ele trons Ns is indi ated in
ea h sub gure. T = 10:0 K. R = 1000 A, U0 = 80 meV, and B = 3:0 T. GaAs bulk parameters: m = 0:067m0 ,  = 12:4,
g = 0:44.
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FIG. 3. Energy spe tra and hemi al potential  (horizontal dashed line). The total number of ele trons Ns is indi ated in
ea h sub gure. Other parameters are as in Fig. 1.
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FIG. 4. The ele tron density ns (r)  104 nm2 for both spin dire tions (solid), spin up s = +1=2 (dashed), and spin down
s = 1=2 (dotted) as fun tions of the radius r of the system. Other parameters are as in Fig. 1.
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